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�'XUpH�GH�O
pSUHXYH�����KHXUHV�

/
HPSORL�GH�OD�FDOFXOHWWH�HVW�LQWHUGLW�

6XMHW�PLV�j�OD�GLVSRVLWLRQ�GX�FRQFRXUV�(�1�7�3�(���
/HV� FDQGLGDWV� VRQW� SULpV� GH� PHQWLRQQHU� GH� IDoRQ� DSSDUHQWH� VXU� OD� SUHPLqUH� SDJH� GH� OD� FRSLH� �
0$7+e0$7,48(6�,,���03�
/
pQRQFp�GH�FHWWH�pSUHXYH��SDUWLFXOLqUH�DX[�FDQGLGDWV�GH�OD�ILOLqUH��03��FRPSRUWH���SDJHV�

6L�XQ�FDQGLGDW�UHSqUH�FH�TXL�OXL�VHPEOH�rWUH�XQH�HUUHXU�G
pQRQFp��LO�OH�VLJQDOH�VXU�VD�FRSLH�HW�SRXUVXLW�VD�FRPSRVL�
WLRQ�HQ�H[SOLTXDQW�OHV�UDLVRQV�GHV�LQLWLDWLYHV�TX
LO�HVW�DPHQp�j�SUHQGUH�

6RLW�(�O
HVSDFH�YHFWRULHO�FRPSOH[H�GHV�IRQFWLRQV�FRPSOH[HV�GpILQLHV�HW�FRQWLQXHV�VXU�OH
VHJPHQW�,� �>���p@��6RLW�__�__B�O
DSSOLFDWLRQ�TXL��j�WRXWH�IRQFWLRQ�I�GH�(��DVVRFLH�OH�PD[LPXP�GX
PRGXOH�GH�OD�IRQFWLRQ�I�VXU�O
LQWHUYDOOH�,��

__I__B� � max 
0 � x � p 

_I�[�_��

,O�HVW�FRQQX�TXH�O
HVSDFH��(��__�__B���HVW�XQ�HVSDFH�YHFWRULHO�QRUPp�
6RLW�)� OH� VRXV�HQVHPEOH�GHV� IRQFWLRQV� I�� FRQWLQ�PHQW� GpULYDEOHV�� TXL� DSSDUWLHQQHQW� j

O
HVSDFH�YHFWRULHO�(��TXL�SUHQQHQW�OD�YDOHXU���DX[�SRLQWV���HW�p�HW�GRQW�O
LQWpJUDOH�GX�FDUUp�GX
PRGXOH�GH�OD�IRQFWLRQ�GpULYpH�I��HVW�PDMRUpH�SDU���

)� �^�I�_�I³E���I³&��,��� | � f ( x ) | 
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× G[�_����I���� �I�p�� ���`��

6RLW�*�O
HQVHPEOH�GHV�IRQFWLRQV�FRPSOH[HV�I�GpILQLHV�VXU�OH�VHJPHQW�,� �>���p@�SRVVpGDQW
OD�SURSULpWp���LO�H[LVWH�XQH�VXLWH�FRPSOH[H��EQ�Q_���WHOOH�TXH

��OD�VpULH�GH�WHUPH�JpQpUDO��FQ� �Q��_EQ_���Q_���HVW�FRQYHUJHQWH�HW�VD�VRPPH�HVW�PDMRUpH�SDU���p�
��SRXU�WRXW�[�UpHO�GH�O
LQWHUYDOOH�,��OD�VpULH�WULJRQRPpWULTXH�GH�WHUPH�JpQpUDO�EQ�VLQ�Q[���Q_��

HVW�FRQYHUJHQWH�HW�VD�VRPPH�HVW�pJDOH�j�I�[��

*� �^�I�_�I�HVW�GpILQLH�VXU�,��LO�H[LVWH�XQH�VXLWH�GH�QRPEUHV�FRPSOH[HV�EQ��Q_��WHOOH�TXH��
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/H�EXW�GX�SUREOqPH�HVW�G
pWXGLHU�G
XQH�SDUW�OHV�UHODWLRQV�H[LVWDQW�HQWUH�OHV�HQVHPEOHV�)
HW�*��G
DXWUH�SDUW�OHXUV�SURSULpWpV�

3UHPLqUH�SDUWLH

5pVXOWDWV�SUpOLPLQDLUHV�

,�����&RQYHUJHQFH�GH�OD�VpULH�WULJRQRPpWULTXH�EQ�VLQ�Q[���Q�_����

6RLW�XQH�VXLWH�FRPSOH[H���EQ�QB��WHOOH�TXH�OD�VpULH�GH�WHUPH�JpQpUDO��Q�� _EQ_���Q_��

VRLW�FRQYHUJHQWH��'pPRQWUHU�TXH�OD�VpULH�GH�WHUPH�JpQpUDO�EQ��Q�_����HVW�DEVROXPHQW

FRQYHUJHQWH�HQ�XWLOLVDQW�SDU�H[HPSOH�O
LQpJDOLWp��

SRXU�GHX[�UpHOV�SRVLWLIV�D�HW�E���DE_��D����E���
(Q�GpGXLUH�TXH�O
HQVHPEOH�*�HVW�XQ�VRXV�HQVHPEOH�GH�O
HVSDFH�YHFWRULHO�(���*�±(�

,�����8Q�H[HPSOH�GH�IRQFWLRQ�DSSDUWHQDQW�j�O
HQVHPEOH�*��
D� (Q�DGPHWWDQW�OH�UpVXOWDW�FODVVLTXH���OD�VRPPH�GH�OD�VpULH�GH�WHUPH�JpQpUDO�
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n 2 �

Q_��� HVW� pJDOH� j�
p 2 

6 
�� FDOFXOHU� OD� VRPPH� 6� GH� OD� VpULH� GH� WHUPH� JpQpUDO
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1 
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E� 6RLW�K�OD�IRQFWLRQ�GpILQLH�VXU�O
LQWHUYDOOH�,�SDU�OD�UHODWLRQ���K�[�� �PLQ�[��p�±�[��
6RLW�  h �OD�IRQFWLRQ�GpILQLH�VXU�OD�GURLWH�UpHOOH��LPSDLUH��SpULRGLTXH�GH�SpULRGH��p�
GH�UHVWULFWLRQ�j�O
LQWHUYDOOH�,�pJDOH�j�OD�IRQFWLRQ�K��

SRXU�WRXW�UpHO�[��  h �±[�� �±�  h �[���  h �[��p�� �  h �[��

SRXU�WRXW�UpHO�[�GH�O
LQWHUYDOOH�,��  h �[�� �K�[��

L��0RQWUHU�TXH�OD�IRQFWLRQ�  h �HVW�FRQWLQXH���GpWHUPLQHU�VD�VpULH�GH�)RXULHU��

LL��4XHOOH�HVW� OD�VRPPH�GH�OD�VpULH�GH�)RXULHU�GH�OD�IRQFWLRQ�  h �"�5HWURXYHU� OD

YDOHXU�GH�6�FDOFXOpH�FL�GHVVXV�

LLL��(Q�GpGXLUH�TXH�OD�IRQFWLRQ�N���[-
1 

p 
�K�[��DSSDUWLHQW�j�O
HQVHPEOH�*�

,���� eJDOLWp�HQWUH�XQH�IRQFWLRQ�SpULRGLTXH�HW�OD�VRPPH�GH�VD�VpULH�GH�)RXULHU��

eWDQW�GRQQpHV�GHX[�IRQFWLRQV�FRPSOH[HV�I�HW�J��GpILQLHV�HW�FRQWLQXHV�VXU�OD�GURLWH

UpHOOH���p�SpULRGLTXHV��LO�HVW�DGPLV�TXH��VL�OHV�FRHIILFLHQWV�GH�)RXULHU�GHV�IRQFWLRQV
I�HW�J�VRQW�pJDX[��OHV�GHX[�IRQFWLRQV�I�HW�J�VRQW�pJDOHV���O
pJDOLWp��SRXU�WRXW�HQWLHU

UHODWLI�Q��GH�FQ�I��HW�GH�FQ�J��LPSOLTXH�O
pJDOLWp�GH�I�HW�GH�J�

'pPRQWUHU� TXH�� VL� I� HVW� XQH� IRQFWLRQ� FRPSOH[H�� GpILQLH� HW� FRQWLQXH� VXU� OD� GURLWH

UpHOOH���p�SpULRGLTXH��GRQW�OD�VpULH�GH�)RXULHU�FRQYHUJH�XQLIRUPpPHQW��OD�IRQFWLRQ
I�HVW�DORUV�pJDOH�j�OD�VRPPH�GH�VD�VpULH�GH�)RXULHU�
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'HX[LqPH�SDUWLH
/
HQVHPEOH�)�HVW�LQFOXV�GDQV�O
HQVHPEOH�*�

,,�����8QH�IRQFWLRQ�I�GH�)�HVW�OD�VRPPH�G
XQH�VpULH�WULJRQRPpWULTXH��
6RLW�I�XQH�IRQFWLRQ�GRQQpH�GH�O
HQVHPEOH�)�

D� 6RLW� �  f � OD�IRQFWLRQ��GpILQLH�VXU� OD�GURLWH�UpHOOH�� LPSDLUH��SpULRGLTXH�GH�SpULRGH

�p��GH�UHVWULFWLRQ�j�O
LQWHUYDOOH�,�pJDOH�j�OD�IRQFWLRQ�I��eWDEOLU�TXH�FHWWH�IRQFWLRQ
 f �HVW�FRQWLQ�PHQW�GpULYDEOH�VXU�OD�GURLWH�UpHOOH�

E� (Q�GpGXLUH�O
H[LVWHQFH�G
XQH�VXLWH�FRPSOH[H��EQ�Q_��WHOOH�TXH��SRXU�WRXW�UpHO�[�GH

O
LQWHUYDOOH� ,�� OH� UpHO� I�[�� VRLW� pJDO� j� OD� VRPPH� GH� OD� VpULH� WULJRQRPpWULTXH� GH

WHUPH�JpQpUDO��EQ�VLQ�Q[���Q�_����3UpFLVHU�OD�FRQYHUJHQFH�GH�FHWWH�VpULH�

,,���� ,QFOXVLRQ�GH�)�GDQV�*��
6RLW�I�XQH�IRQFWLRQ�DSSDUWHQDQW�j�O
HQVHPEOH�)���GpPRQWUHU�TXH�FHWWH�IRQFWLRQ�I�DS�
SDUWLHQW�DXVVL�j�O
HQVHPEOH�*��(VW�FH�TXH�O
LQFOXVLRQ�GH�)�GDQV�*�HVW�VWULFWH�"

7URLVLqPH�SDUWLH
'HQVLWp�GX�VRXV�HQVHPEOH�)�GH�*�GDQV�*�SRXU�OD�GLVWDQFH�GpGXLWH�GH�OD�QRUPH�GH�(�

/H�VRXV�HQVHPEOH�*�GH�(�HVW�FRPSDFW�

,,,�����'HQVLWp�GH�)�GDQV�*��
6RLW�J�XQH�IRQFWLRQ�DSSDUWHQDQW�j�*���OD�IRQFWLRQ�J�HVW�OD�VRPPH�G
XQH�VpULH�WULJR�
QRPpWULTXH�GH� WHUPH�JpQpUDO� EQ� VLQ�Q[��� Q_�� �� VRLW� JS� OD� VRPPH� GHV� S� SUHPLHUV

WHUPHV�GH�FHWWH�VpULH��S�HVW�XQ�HQWLHU�VWULFWHPHQW�SRVLWLI����JS�[�� � b n  sin ( nx ) 

n = 1 

p 

Ê ���

'pPRQWUHU� TXH� SRXU� WRXW� HQWLHU� S�� S� _� ��� OD� IRQFWLRQ� JS� DSSDUWLHQW� DX� VRXV�
HQVHPEOH�)��eWDEOLU�TXH�OD�IRQFWLRQ�J�HVW�OD�OLPLWH�GDQV�O
HVSDFH�YHFWRULHO�QRUPp�(
GH� OD�VXLWH�GHV�IRQFWLRQV�JS��S�_����(Q�GpGXLUH�TXH� OH� VRXV�HQVHPEOH�)�GH�*� HVW
GHQVH�GDQV�*�

,,,�����/LPLWH�G
XQH�VXLWH�FRQYHUJHQWH�GH�IRQFWLRQV�DSSDUWHQDQW�j�*��
6RLW��IU�U³N�XQH�VXLWH�GH�IRQFWLRQV�DSSDUWHQDQW�DX�VRXV�HQVHPEOH�*�TXL�FRQYHUJH
GDQV�(�YHUV�XQH�IRQFWLRQ�I��3DU�GpILQLWLRQ�GH�*��SRXU�FKDTXH�IRQFWLRQ�IU��LO�H[LVWH
XQH�VXLWH�GH�QRPEUHV�FRPSOH[HV�EU��Q��Q�_����WHOV�TXH

��OD�VpULH�GH�WHUPH�JpQpUDO�Q�� _EU��Q_���Q�_����HVW�FRQYHUJHQWH���VD�VRPPH�HVW�PDMRUpH

SDU��
2 

p 
�



��SRXU�WRXW�HQWLHU�Q��Q�_����HW�WRXW�UpHO�[�GH�,��IU�[��HVW�OD�VRPPH�GH�OD�VpULH�GH�WHUPH

JpQpUDO�EU��Q�VLQ�Q[���Q�_�����IU�[�� � b r ,  n
n = 1 

� 

Ê VLQ�Q[���

D� 'pPRQWUHU�TXH��SRXU�WRXW�HQWLHU�Q�IL[p��Q�_����OD�VXLWH��EU��Q�U³N�HVW�FRQYHUJHQWH

HW�D�XQH�OLPLWH�EQ��TXL�HVW�OH�QRPEUH�FRPSOH[H�GpILQL�SDU�OD�UHODWLRQ�FL�GHVVRXV��

EQ� �
2 

p 
f ( x ) 

0 

p 

× VLQ�Q[��G[��

E� eWDEOLU�TXH�OHV�QRPEUHV�FRPSOH[HV�EQ��Q_���GpILQLV�FL�GHVVXV�RQW�OD�SURSULpWp��

OD� VpULH� GH� WHUPH� JpQpUDO� � Q�� _EQ_��� Q_��� HVW� FRQYHUJHQWH� �� VD� VRPPH� YpULILH

O
LQpJDOLWp�VXLYDQWH�� n 
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  | b n | 
2 

n = 1 
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Ê �_�
2 

p 
�

F� (Q�GpGXLUH�TXH�OD�IRQFWLRQ�I�DSSDUWLHQW�j�O
HQVHPEOH�*�

,,,�����$GKpUHQFHV�GHV�VRXV�HQVHPEOHV�)�HW�*�GDQV�(��
'pWHUPLQHU�O
DGKpUHQFH�GX�VRXV�HQVHPEOH�*�GDQV�(���HQ�GpGXLUH�TXH�*�HVW�IHUPp�
4XHOOH�HVW�O
DGKpUHQFH�GDQV�(�GX�VRXV�HQVHPEOH�)�"

,,,���� /H�VRXV�HQVHPEOH�*�HVW�FRPSDFW��
D� 6RLW� I� XQH� IRQFWLRQ� DSSDUWHQDQW� DX� VRXV�HQVHPEOH�)�� 'pPRQWUHU�� SRXU� WRXW

FRXSOH�GH�UpHOV�[�HW�\�GH�O
LQWHUYDOOH�,��YpULILDQW�O
LQpJDOLWp�[_\��OD�UHODWLRQ��
_I�\��±�I�[�_�B� y - x ��

8WLOLVHU�� SDU� H[HPSOH�� O
H[SUHVVLRQ� GH� OD� GLIIpUHQFH� I�\�±I�[�� DX� PR\HQ� G
XQH

LQWpJUDOH�

E� 6RLW� �IU�U³N� XQH� VXLWH� GH� IRQFWLRQV� DSSDUWHQDQW� DX� VRXV�HQVHPEOH�)� �� LO� HVW
DGPLV�TX
LO�H[LVWH�XQH�VXLWH�H[WUDLWH��Ij�U��U³N�TXL�FRQYHUJH�VLPSOHPHQW�HQ�WRXW

SRLQW� GH� O
LQWHUYDOOH� ,� G
DEVFLVVH� UDWLRQQHOOH� �� SRXU� WRXW� UDWLRQQHO� ]� � ��_� ]� �p�
�Ij�U��]��U³N�HVW�XQH�VXLWH�FRQYHUJHQWH�

'pPRQWUHU�TXH�OD�VXLWH�GHV�IRQFWLRQV�JU� �Ij�U���U³N��FRQYHUJH�XQLIRUPpPHQW�VXU

O
LQWHUYDOOH�,�

F� (Q�GpGXLUH�TXH�OH�VRXV�HQVHPEOH��*��HVW�FRPSDFW�
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